
 
Completions

Indea If R is a ring PER prime the localization tells

us about Za ki open neighborhoods of P The

completion Ip tells us about smaller neighborhoods
In the G algebra case it tells us about neighborhoods in

the classical topology

We will see that if R kCx xD rn x Tn then
Pim KEX xnD the formal power series ring and

TRE
m 7ham xnD

Ex R kC yz x i Say K R or G

K R induces the map on spec

Iu k IT is the

i i g TIsiIaa
JIT topology IT has

1A speckle nonzero derivative
0 at 0 l so the

Inverse function theorem says there is a neighborhood

U of O on the line and a neighborhood of 0 l



sit there is an analytic inverse U V defined

x x Ft

There is no algebraic inverse since the y coordinate

would have to be a square root of Xt l

However the power series expansion

Txt I I t

converges for 1 1 1 so we have an inverse at the

level of power series

We'll see that the above holds in a more general
setting First we need the following construction

Def An inversesystein is a collection of groups Ai iej
with J partially ordered sit if iEj t a homomorphism

4ij Aj Ai with the following properties
1 Yi identity

2 4ir4ij 4jp ht iejek

An
Aji e

j commutes

Ail



The inverseli mit of the inverse system is

LinAi a e Ai aj's ai ti e j in J

let R be a ring and I E R an ideal

Then MII is an inverse system with

Yij
R
Ij MII

Def The comple tionof R w r t I is RI defined

BI lin MI g g g ct.IR Ii gjgiCmodIi jsi

RI is a ring with coordinate wise addition and multiplication

For each i define

IT g Cg g c RI I g j O for j E i

In two elements are equivalent modIT say

f fz E g gz mod Ii
fj gj t je i fi gi

That is we have a natural isomorphism



FYI Rti Which is just the projection onto the
ith coordinate

If WER is maximal then Ryun ERfm a field

so rn is maximal

Moreover if gi Cg gz cRm but not in m then

g to Thus each gift4mi EMmi

Mmi is the only maximal ideal of m so gi is a
unit Since gj gi

modmi it follows that

gj g modm so

h Cgi gi cRm

is the inverse d g so g is a unit Thus Bus is
local w max 1 ideal Tn

Note Rhni Mmi
m

Rymim so we get the
same completion if we first localize at m

EI R Sfx XD m x xn We want to show
that time sax xnD

Note that sax and1miSax xn Mmi



So we have a natural map

sax XnD Rm
f 1 ft m t m2

In the other direction if f tm fztm2 CPim where
for i j ti f j terms of degree j then send

f t m f thr f t z f Cf te t

7 f
terms of terms of
deg 21 deg 22

Thus The coefficient of each monomial is a finite
sum so this is a formal power series It's

straightforward to check that the map is well defined

ie independent of choices of fi and is the inverse
of the above map 80

pin sax xnD

eg I I 2x It 2 3 2 I 2x 3 2 73

I 2x 3 2 t X3 t

Another standard example comes from number theory

Ex let pea be prime The ring Icp written Xp
is the viadicinegers



let a t p az p2 CXp Where OE ai e p

Then for each i ai Eai Mod pi so

ait ai bipi bis P

and we write this as a power series called a padic
expansion

a t b p t b p t

so that the partial sums give the sequence
A

a t b p 9 az a Az

Az tbzp2 a az az Az etc

Mpi has torsion so addition of power series works
a little differently Forexample in 72
I l l T t 1 I I 0 2,2 10,10

mod f f f
and the corresponding powerseries expansions are

It O 2 t 0.24 t l 23 t l Ot I 2 t 0.24 t l 23

so addition is not term by term Instead we have to

carry



eg in 73 we have

I t 2 3 t 2 32 t 11 2 3 1.32 2 4 3 t 3 32

2 t l 3 t l 32 t l 3

Note that 7 Tlp naturally since for r 0 rap
for some a so r mod pa to i e the kernel is 0

e g in 72 I 1,1 I and the element
1,22 I 23 I 2 l has corresponding power

series 1 t2 t 22 t

I I l 1 221,23 l 0 so I 1 2 4 t

Note that 12 Bp Any p adic expansion
Aot a p ta p't w 0EaiCp Corresponds to the

element

ao Aot a p aota.ptaap EXp

so this gives a bijection between p adic expansions andRp
In particular Xp is uncountable

Propertiesotcompletion

Def If R is a ring IE R an ideal then if the



natural map R R I is an isomorphism we say R is

completewitnrespectI When I is maximal we

say R is a ielocating

Note Nj It 0 in PTI so if R is complete w.int
I then It 0

let IER an ideal and denote D RI We have

a natural map
T2 then

fi fz th

Them In is the kernel

Note The elements of Ink are generated by elements
of the form ah ah where a c I and

r C R

In particular aviC In so it's 0 for i En

Inpie In This is an equality if R is

Noetherian but in general they may be different

However we can always say the following about

Chaim Pi is complete w r t the filtration I Iz
That is D Lim'VE



PI R limMI link w D

In the Noetherian case we get the following

The let R be Noetherian I ER an ideal and II
the completion w.tt I

a pi is complete w r t.IR

b IT is Noetherian

C R is a flat R module

Rf See Eisenbud or A M

Cauchyseqiunces

Note that in the cases we've looked at I can be

thought of as limits of sequences in R

Ex 1h REX the sequence ao aota X Gota 7 9272

converges to Eaixie REID R

Ex In Rz I 2 112 22 converges tou n
I 3 I

l t Z t 22 t l



This motivates a different characterization of completion

let R be a ring I an ideal R the ring of sequences
rn new in R

Def rn C R is CauctyfortheIadictopology
if t t CIN there is d e IN s t When m h Z d we

have ru rmC It It 5 100 if f n F m

s t for all is m ri C In

Two Cauchy sequences rn Csn are equivalent if
rn su converges to 0

Check Equivalence classes of Cauchy sequences form
a ring we'll call it C for now

Note that any sequence au that is the lift of

an elf of B is a Cauchy sequence If men then

am an mod I so am an C I

Conversely let rn be a Cauchy sequence and fix t
Then for some d and any m h d th rmC It
Thus rn rm mod It If rn converges to 0 then
f n so rnC It Thus we get a map for each t



R
It sending rn In for Ms 0

Moreover for any t's t the map corresponding to t
is just the composition

s R It s R It

Claim If C is the ring of equivalence classes of
Cauchy sequences then there is a natural isomorphism

4 C RI

given by the product of the above maps

Rf First note that the image of a Cauchy sequence
is in RI If Sn OT Ea then bythe
above discussion AI is the image of It in the

quotient for t Et

It is well defined since any Cauchy sequence
converging to 0 gets sent to 0

The map is an isomorphism since as we described
the lift of any sequence in R is a Cauchy sequence
so we have a natural inverse D


